1.. Introduction {#s1}
================

The research presented in this paper is motivated by the genetics of human longevity. Genome-wide association studies of longevity compare long-lived individuals with matched controls ([@ASV050C5]). More than 500 000 genetic variants have been tested for their association with longevity, which amounts to a large multiple hypothesis testing problem. In addition to multiplicity, the sample size is small, usually of the order of a few hundred. As a consequence, only a few loci have been replicably associated with human longevity, and they do not explain the heritability of the trait ([@ASV050C12]).

The multiplicity may be countered by testing only a few candidate variants selected based on prior scientific knowledge. In a separate work in preparation, led by the second author, we find that a more general genome-wide test helps to improve power in a study of longevity. We leverage prior information from genome-wide association studies of age-related diseases, such as coronary artery disease and diabetes. For this task, we develop a new large-scale method of frequentist multiple testing with Bayesian prior information. In this paper we provide the theory for this method.
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In previous work, optimal weights have been found in a Gaussian model of hypothesis testing. Let the test statistics in the current study be $\documentclass[12pt]{minimal}
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[@ASV050C32] formulated a general framework that includes this problem as a special case and allows, for instance, for Student $\documentclass[12pt]{minimal}
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Our key contribution here is to provide an efficient method of finding the weights that maximize average power for the weighted Bonferroni method, in the model with Gaussian priors. We solve the optimization problem exactly for small $\documentclass[12pt]{minimal}
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For large-scale problems, this approach leads to a method for multiple testing that controls a frequentist error measure while also taking into account Bayesian prior information. This method follows George Box\'s advice to be Bayesian when predicting but frequentist when testing ([@ASV050C4]). Similar ideas were used previously by [@ASV050C6]; see §[2](#s2){ref-type="sec"}. As mentioned, a more general formulation was also considered in [@ASV050C32] and [@ASV050C31]. We show that our approach is feasible for large-scale problems.

When prior information is uncertain, we show via simulations that the new method has more power and is more stable than competitors. We also show theoretically that weighting leads to substantially improved power. We apply the method to genome-wide association studies. By analysing several such datasets, we show that our method has advantages in terms of power and easier tuning compared to other methods.

With rapidly increasing volumes of data available as prior information for any given study, our method should be useful for other problems in biology and elsewhere. The data analysis and computational results in this paper are reproducible, and an open-source implementation of the method is available from the authors.

2.. Related work {#s2}
================

There is a large literature on statistical methods for multiple testing with prior information, some of which is reviewed in [@ASV050C20] and [@ASV050C11]. [@ASV050C28] devised optimal single-step multiple testing procedures maximizing average or minimal power and controlling the familywise error rate. Later it was recognized that Spjøtvoll\'s results are equivalent to optimal $\documentclass[12pt]{minimal}
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Leveraging Spjøtvoll\'s results, [@ASV050C23] and [@ASV050C20] found an explicit formula for optimal weights of the weighted Bonferroni method in the Gaussian model $\documentclass[12pt]{minimal}
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}{}${N}(\mu _i,1)$\end{document}$, assuming that the effects are known exactly. In practice the effects are estimated, but the weights do not take this into account. These weights are optimal for average power, and this efficient method is suitable for large applications. [@ASV050C9] and [@ASV050C8] applied the framework of [@ASV050C20] to genome-wide association studies; they accounted for correlations between the tests but assumed that the effects are known exactly.

Another popular approach is to test the top candidates from a prior study, often known as two-stage testing or candidate study. It can be viewed as a $\documentclass[12pt]{minimal}
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In the literature on carcinogenicity trials, related methods have been devised to select tumour sites based on historical data ([@ASV050C6]; [@ASV050C15]); the methods are explicitly Bayesian with regard to historical data and frequentist in analysing current data. These models and methods differ from ours, and focus on pairwise comparisons based on Fisher\'s exact test ([@ASV050C15]).

[@ASV050C32] considered a Gaussian model $\documentclass[12pt]{minimal}
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}{}${N}(\mu _i,1)$\end{document}$ for the effects in hypothesis testing where prior distributions are known for the means. They formulated the problem of finding the weights that maximize expected power for the weighted Bonferroni method, and this was followed up for binary data in [@ASV050C31], motivated by carcinogenicity trials. As mentioned in §[1](#s1){ref-type="sec"}, published studies using their optimization methods are typically small.

Less work exists on weighted methods beyond the single-step Bonferroni method, or beyond the control of the familywise error rate. The step-down method of [@ASV050C13] can use weights, and [@ASV050C30] and [@ASV050C33] discuss the choice of optimal weights. [@ASV050C10] showed that the weighted Benjamini--Hochberg procedure controls the false discovery rate, and [@ASV050C22] proposed a method of choosing weights optimally, assuming fixed known effects. [@ASV050C18] developed a general framework for optimal multiple decision functions for the control of familywise error rate and false discovery rate, assuming exact knowledge of the alternatives.

In this paper we focus on the familywise error rate, because it is the standard measure of error controlled in our motivating application, and because in this case it is already challenging to find the optimal weights accounting for uncertainty on a large scale. Extension of this work to the Benjamini--Hochberg procedure and to false discovery rate control is left for future research.

3.. Theoretical results {#s3}
=======================

3.1.. Background {#s3a}
----------------

We work in the Gaussian means model of hypothesis testing: we observe test statistics $\documentclass[12pt]{minimal}
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Let us denote the number of rejections by $\documentclass[12pt]{minimal}
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It was not noted previously that this problem is convex. The objective is a sum of terms of the form $\documentclass[12pt]{minimal}
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3.2.. Weighting leads to substantial power gain {#s3b}
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3.3.. Weights with imperfect prior knowledge {#s3c}
--------------------------------------------
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Our main contribution is to solve this problem efficiently for large $\documentclass[12pt]{minimal}
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In our data analysis examples and simulations, this mild restriction requires that $\documentclass[12pt]{minimal}
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In the [Supplementary Material](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asv050/-/DC1), we solve this problem by maximizing the Lagrangian. Two key properties that we use are joint separability of the objective function and constraint, and analytic tractability of the Gaussian density.
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The analysis of nonconvex optimization problems is challenging. It seems remarkable that the nonconvex Bayes weights problem admits a nearly exact solution.

4.. Simulation studies {#s4}
======================

4.1.. Bayes weights are more powerful than competing weighting schemes {#s4a}
----------------------------------------------------------------------

We perform two simulation studies to explore the empirical performance of our method. First, we show that Bayes weights increase power more reliably than two other weighting schemes, namely exponential weights and filtering.
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The results are shown in Fig. [3](#ASV050F3){ref-type="fig"}(a). Each method can improve the power over unweighted testing. However, Bayes weights yield more power than the other methods. The best power is attained when the dispersion $\documentclass[12pt]{minimal}
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In particular, taking uncertainty into account helps. Spjøtvoll weights, which assume fixed and known effects, and are represented on the figure as regularized weights with $\documentclass[12pt]{minimal}
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The remaining two methods, filtering and exponential weights, have disadvantages. While filtering yields a gain in power for a thresholding parameter $\documentclass[12pt]{minimal}
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We conclude that Bayes weights are robust with respect to the choice of the tuning parameter and have uniformly good power. In contrast, exponential weighting and filtering are more sensitive, and their power can drop substantially.

4.2.. Bayes weights have a worst-case advantage {#s4b}
-----------------------------------------------

We show that Bayes weights have a worst-case advantage compared to Spjøtvoll weights. We use the sparse means model and generate $\documentclass[12pt]{minimal}
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Spjøtvoll weights are optimal for $\documentclass[12pt]{minimal}
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The results are displayed in Fig. [3](#ASV050F3){ref-type="fig"}(b). Bayes weights lose only a little power compared to the optimal Spjøtvoll weights. In contrast, Spjøtvoll weights lose a lot of power relative to Bayes weights, which maximize the worst-case power. Bayes weights show a maximin property. Further, as shown in the [Supplementary Material](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asv050/-/DC1), Spjøtvoll weights lose power near $\documentclass[12pt]{minimal}
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5.. Application to genome-wide association studies {#s5}
==================================================

5.1.. Review of genome-wide association studies {#s5a}
-----------------------------------------------

We adapt our framework to genome-wide association studies, relying on basic notions of quantitative genetics (see, e.g., [@ASV050C16]). In this section we present in detail the methodology for this application, while also illustrating the steps of using our framework for specific problems.
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With these steps, we have framed our problem in the Gaussian means model. Writing $\documentclass[12pt]{minimal}
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5.2.. Prior information {#s5b}
-----------------------

To use prior information, assume that we also have a prior trait $\documentclass[12pt]{minimal}
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We model the relatedness of the two traits as a relation between the standardized effect sizes $\documentclass[12pt]{minimal}
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The final step is to compute the distribution of $\documentclass[12pt]{minimal}
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We now have all ingredients for the model of Gaussian hypothesis testing with uncertain information. Specifically, we have $\documentclass[12pt]{minimal}
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5.3.. Practical remarks {#s5c}
-----------------------

It is important that we retain Type I error control even when the modelling assumptions fail. The only requirement is that we have marginally valid $\documentclass[12pt]{minimal}
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We recommend using the default value of the tuning parameter, $\documentclass[12pt]{minimal}
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One may wish to use the weighted Benjamini--Hochberg method with our weights ([@ASV050C10]); but in general this will be underpowered, as optimal weights for stepwise methods differ greatly from those for single-step methods ([@ASV050C31]). However, in the special case of very small $\documentclass[12pt]{minimal}
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6.. Data analysis {#s6}
=================

6.1.. Data sources {#s6a}
------------------

We illustrate the application of our method by analysing data from publicly available genome-wide association studies. We use the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p$\end{document}$-values, recorded for 500 000 to 2$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\cdot $\end{document}$5 million genetic variants, from five studies: CARDIoGRAM and C4D for coronary artery disease ([@ASV050C25]; [@ASV050C7]), blood lipids ([@ASV050C29]), schizophrenia ([@ASV050C24]), and estimated glomerular filtration rate creatinine ([@ASV050C14]); see the [Supplementary Material](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asv050/-/DC1).

We analyse three pairs of datasets, with a specific motivation for each. First, we use CARDIoGRAM as prior information for C4D. This is a positive control for our method, since both studies measure coronary artery disease. We choose C4D as the target because it has a smaller sample; hence prior information may increase power more substantially.

Second, we use the blood lipids study as prior information for the schizophrenia study. [@ASV050C1] demonstrated improved power with this pair. They used a fully Bayesian method, and our goal is to evaluate the power improvement using a frequentist method. There is a small overlap between the controls of the two studies.

Third, we use the creatinine study as prior information for the C4D study. Heart disease and renal disease are comorbid ([@ASV050C26]), so this set-up may improve power.

6.2.. Methods and additional details {#s6b}
------------------------------------

We run weighted Bonferroni multiple testing for each of five weighting schemes. The prior data is $\documentclass[12pt]{minimal}
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The first four weighting schemes are: unweighted Bonferroni testing, where all weights equal unity; Spjøtvoll weights with parameters $\documentclass[12pt]{minimal}
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The fifth and last weighting scheme is filtering, which selects the smallest $\documentclass[12pt]{minimal}
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We prune the significant single nucleotide polymorphisms for linkage disequilibrium using the DistiLD database ([@ASV050C17]). Specifically, for each weighting scheme we select one locus from each linkage disequilibrium block that contains significant loci. Our data analysis pipeline is given in the [Supplementary Material](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asv050/-/DC1).
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6.3.. Results {#s6c}
-------------

Table [1](#ASV050TB1){ref-type="table"} shows the number of significant loci for each pair of studies and for each weighting scheme. We also present the results pruned for linkage disequilibrium, which act as a proxy for the number of independent loci found. Table 1.Number of significant loci for five methods on three examples: the top portion of the table shows results pruned for linkage disequilibrium, the middle part shows results without pruning, and the bottom portion reports the score of each methodBayes$\documentclass[12pt]{minimal}
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The results are somewhat inconclusive. In the positive control example, all weighting schemes except exponential weighting detect more loci than unweighted testing. Spjøtvoll weighting and filtering lead to the largest number of loci. In the blood lipids example, the methods generally detect fewer pruned loci, except for Bayes weights with $\documentclass[12pt]{minimal}
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If we allow tuning of parameters for the three weighting schemes that have such a parameter, Bayes weights show good performance: they are either first or second in all examples. This shows that our method is robust with respect to the choice of tuning parameter.

Finally, only Bayes weights with $\documentclass[12pt]{minimal}
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}{}$\phi =1$\end{document}$ or 10 have a positive score. The total score, summed across parameter settings, is also positive only for Bayes weights. Judging from these results, our method shows promise. However, from this analysis alone we cannot establish conclusively the relative merits of the methods. In future work it will be necessary to evaluate $\documentclass[12pt]{minimal}
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Supplementary material {#s7}
======================

[Supplementary material available at *Biometrika* online](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asv050/-/DC1) includes proofs of the theoretical results, software implementations in R and MATLAB, and code to reproduce the simulations and data analysis results.
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